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Abstract 

We prove that any (real or complex) analytic horizontally conformal submer- 
sion from a three-dimensional conformal manifold A/ 3 to a two-dimensional 
conformal manifold N 2 can be, locally, 'extended' to a unique harmonic mor- 
phism from the 7i(eaven)-space of M 3 to N 2 . 

Introduction 

Harmonic morphisms are maps between Riemannian manifolds (or, more gen- 
erally, Weyl spaces) which pull-back (local) harmonic functions to harmonic func- 
tions. By a basic result, harmonic morphisms are characterised as harmonic maps 
which are horizontally weakly conformal (see [T] , [10J ). 

In [T5] (see [TU] ) it is proved that any (submersive) harmonic morphism tp 
with two-dimensional fibres from a four- dimensional Einstein manifold (M A ,g) 
is twistorial, possibly with respect to the opposite orientation on M 4 . That is, 
after reversing, if necessary, the orientation on M 4 , the unique positive almost 
Hermitian structure J on (M 4 ,g) with respect to which (p is holomorphic is inte- 
grable; we then say that p is positive. Moreover, J is parallel along the fibres of 
p> . Thus if, further, (M 4 , g) is anti-self-dual then J determines a complex surface 
5* in the twistor space of (M A ,g) which, if J is nowhere Kahler, is foliated by 
the holomorphic distribution determined by the Levi-Civita connection of g . It 
follows that, then, p> is completely determined by S . This gives the twistorial 
construction of all positive harmonic morphisms with two-dimensional fibres from 
a four-dimensional Einstein anti-self-dual manifold with nonzero scalar curvature 



In [8] , it is proved that any analytic three-dimensional conformal manifold 
(N 3 , c) is the conformal infinity of a unique (up to homotheties) four-dimensional 
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Einstein anti-self-dual manifold (M 4 ,g) with nonzero scalar curvature; the fact 
that (iV 3 , c) is the conformal infinity of (M 4 , g) means that iV 3 UM 4 is a manifold 
with boundary (equal to N 3 ) on which c and g determine a conformal structure 
with respect to which g has a pole along N 3 . The constructed Einstein anti-self- 
dual manifold (M 4 ,g) is called the TC(eaven)- space of (M 3 ,c) [H] • 

The above mentioned two constructions raise the following questions. Given 
a positive harmonic morphism with two-dimensional fibres on the 7-^-space of a 
three-dimensional analytic conformal manifold (N 3 ,c) , can it be extended over 
iV 3 ? If so, is the resulting map horizontally conformal? Conversely, can any an- 
alytic horizontally conformal submersion, with one-dimensional fibres on (N 3 ,c) 
be, locally, 'extended' to a harmonic morphism on its 7i-space? In this paper 
we answer in the affirmative to all of these questions, thus generalizing results 
of [2] in which the same conclusions are obtained for four-dimensional constant 
curvature Riemannian manifolds. 

In Section 1 we review a few facts on harmonic morphisms between Weyl spaces. 
In Section 2 we present the basic properties of the space of isotropic geodesies 
of a (three-dimensional) conformal manifold. Here, the emphasis is on the in- 
duced contact structure [8] , [9] ; also, our presentation seems to be new and more 
natural. We end Section 2 by illustrating how this theory can be used to con- 
struct horizontally conformal submersions with one-dimensional fibres from the 
Euclidean space. This (Example 12.61 ; cf. [2] ) also provides examples for the main 
result of the paper (Theorem 13.21 ). proved in Section 3 . There, we also explain 
how other examples can be obtained by using a construction of [3] . 

I. Harmonic morphisms between Weyl spaces 

This paper deals mainly with (real or complex) analytic manifolds and maps. 
Nevertheless, the results presented in this section also hold in the category of 
smooth manifolds. 

A conformal structure on a manifold M is a line subbundle c of ® 2 T*M which, 
on open sets of M, is generated by Riemannian metrics [U] ; then any such metric 
is a local representative of c . 

If c is a conformal structure on M then (M, c) is a conformal manifold. A 
conformal connection on (M, c) is a linear connection which preserves the sheaf 
of sections of c . A Weyl connection is a torsion free conformal connection. If D is 
a Weyl connection on (M, c) then (M, c, D) is a Weyl space. For more information 
on Weyl spaces see [3] , where although the discussion is placed in the setting of 
smooth manifolds it can be easily extended to complex manifolds (see [10] ). 

Whilst in the category of complex manifolds, we shall assume that all maps 
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between conformal manifolds have nowhere degenerate fibres (see pU] for a few 
facts on harmonic morphisms with degenerate fibres). 

Definition 1.1 (cf. [1J ). Let (p : (M, cm) — ► (N, c^) be a map between conformal 
manifolds. Then (p is horizontally weakly conformal if, outside the set where its 
differential is zero, <p is a Riemannian submersion with respect to suitable local 
representatives of cm and C]$. 

Next, we recall the definitions of harmonic maps and morphisms (see pU] , cf. 
ED- 
Definitioii 1.2. A map ip : (M,c M ,D M ) -> (N, c N , D N ) between Weyl spaces 
is harmonic if the trace, with respect to cm, of the covariant derivative of dip is 
zero. 

A harmonic morphism between Weyl spaces is a map which pulls-back (local) 
harmonic functions to harmonic functions. 

The following result is basic for harmonic morphisms (see pU] and its references, 
cf. P). 

Theorem 1.3. A map between Weyl spaces is a harmonic morphism if and only 
if it is a harmonic map which is horizontally weakly conformal. 

See [TU] , [H] for more information on harmonic morphisms between Weyl spaces 
and pQ for harmonic morphisms in the setting of Riemannian manifolds; also, see 
[I] for an up to date list of papers on harmonic morphisms. 

2. Spaces of isotropic geodesics 

In this section, with the exception of Example 12.61 . all the manifolds and maps 
are assumed to be complex analytic. 

Let (M 3 ,cm) be a three-dimensional (complex-) conformal manifold and let 
7r : P — > M be the bundle of isotropic directions tangent to (M 3 ,cm) • Then P 
is a locally trivial bundle with typical fibre the conic Q\ = CP 1 . 

Let D be a Weyl connection, locally defined, on (M 3 , cm) ■ For any p e P let 
<^p Q T p P be the horizontal lift, with respect to D , of p C T V ^M. Then & is 
(the tangent bundle of) a foliation on P; moreover, & does not depend of D . 

The quadruple r = (P, M, 7T, is a twistorial structure on M [13] (see pj] 
for the definition of twistorial structures in the smooth category), its twistor 
space Z (that is, the leaf space of J^") is the space of isotropic geodesics [8] , [9] of 
(M 3 ,cm) • Furthermore, locally, r is simple (that is, by passing, if necessary, to 
an open set of M there exists a, necessarily unique, complex structure on Z with 
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respect to which the projection ixz '■ P Z is a submersion with connected fibres 
and each of its fibres intersects the fibres of tt at most once); then the fibres of tt 
are mapped by nz diffeomorphically onto the skies (see [8] , [9] ) of (M 3 , cm) • 

From now on, in this section, we shall assume that r is simple. 

Let Q> p be the distribution on P such that 3) p is the sum of ker d.Ti p and the 
horizontal lift, with respect to D , of p 1 - C T n ^M, for each p G P. Then 3l p does 
not depend of D . Moreover, $i p is projectable with respect to & . To prove this, 
we place the discussion on the bundle E of conformal frames on (M 3 , cm) ■ Let p 
be a fixed isotropic direction on C 3 , endowed with its canonical conformal struc- 
ture, and let G be the subgroup of CO(3, C ) which preserves p . Then P = E/G 
and let J£~ E and Qi E be the preimages of & and 2> p , respectively, through the 
differential of the projection E — > P. 

It is clear that 2l p is projectable with respect to if and only if S> E is pro- 
jectable with respect to ^ E . Furthermore, we can define & E and @i E , alterna- 
tively, as follows. Let £o be a nonzero element of po and let -B(£o) be the standard 
horizontal vector field corresponding to £o ; that is, -B(£ ) is the vector field on E 
which, at each u G E , is the horizontal lift of u(£o) ^ TM, with respect to D . 
Then, by using the same notation for elements of co(3, C ) and the corresponding 
fundamental vector fields on E, the distribution ^ E is generated by -B(£ ) an d 
all A G g , where q is the Lie algebra of G . Similarly, 3i E is generated by all -6(0 
with £ G po^ and all Ae co(3, C ) . 

From Cartan's structural equations and P, Ch III, Prop 2.3] it follows quickly 
that 3> E is projectable with respect to & E and, therefore, Si p is projectable 
with respect to & . Moreover, P, Ch III, Prop 2.3] also implies that 3i E is non- 
integrable; that is, nowhere integrable. Hence, also, the induced distribution 
3> = dTrz(St P ) on Z is nonintegrable. As dimZ = 3, this is equivalent to the 
fact that 3 is a contact distribution on Z . 

Remark 2.1. 1) The skies are tangent to the contact distribution <3). Moreover, 
at each point, *3) is generated by the tangent spaces to the skies. 

2) Any surface embedded in Z corresponds to a foliation by isotropic geodesies 
on some open set of M 3 . 

All of the above can be quickly generalised to conformal manifolds of any 
dimension thus obtaining results of [H] . Next, we concentrate on features specific 
to dimension three. 

Proposition 2.2 ( [S] , [5] , cf . [H] ). Let "V be a foliation by isotropic geodesies on 
(M 3 ,cm) ■ Then "V^ is integrable. Furthermore, if we denote by Sy the embedded 
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surface in Z corresponding to "V then the foliations induced by "f , on the leaves 
°f'^ /± ! correspond to the curves determined by 2i on Sy . 

Proof. The fact that Y 1 - is integrable follows quickly from the fact that D is 
torsion- free. 

Let p be the section of P corresponding to 'f '. Then & induces a foliation on 
p(M) (whose leaves are mapped by ir on the leaves of Y). As p(M) is an embedded 
submanifold of P foliated by the fibres of ttz , we have that Sy = 7Tz(p(M)) is an 
embedded surface in Z . 

The last assertion follows from the fact that dp(^- L ) = T(p(M)) n @ p . □ 

Remark 2.3. In Proposition [221, the fact that Y 1 - is integrable follows also from 
the fact that &{nz°p)(V L ) = TS-rCl® is one-dimensional and, hence, integrable. 



Recall [8 J that, under the identification of any sky with CP 1 , its normal bundle 
in Z is 0(1) © 0(1) • Thus, by applying [7] we obtain that, locally, the skies 
are contained by a, locally complete, family of projective lines, parametrised 
by a four-dimensional manifold N A which contains M 3 as a hypersurface. Let 
H 4 = iV 4 \ M 3 . Furthermore, if we denote by cn the anti-self-dual conformal 
structure on N 4 with respect to which Z is the twistor space (see p2] ) of (iV 4 , cjv) 
then: 

• (M 3 , cm) is a totally umbilical hypersurface of (iV 4 , cn) ; furthermore, un- 
der the identification of the twistor space of (iV 4 , c^) with the space of isotropic 
geodesies on (M 3 , cm) any self-dual surface S on (iV 4 , c^) corresponds to the 
isotropic geodesic S fl M on (M 3 , cm) [H] • 

• 3\n determines an Einstein representative g of cn\h, unique up to homo- 
theties, with nonzero scalar curvature |14j . 

Definition 2.4 ( [8] ). The Einstein anti-self-dual manifold (H 4 ,g) is called the 
Ti-space of (M 3 , cm) ■ 

In [8] it is, also, proved that g has a pole of order two along M 3 . 

Example 2.5 (cf. [8 J ). By identifying, as usual, C 3 with a subspace of C 4 we 
obtain that the space of isotropic lines (equivalently, geodesies) on C 3 is equal to 
the space of self-dual planes on C 4 (any self-dual plane of C 4 intersects C 3 along 
an isotropic line and any isotropic line of C 3 is obtained this way). Therefore the 
space Z of isotropic lines of C 3 is CP 3 \ CP 1 (this can be also proved directly). 

From Remark 12.1( 1) , it follows that the contact structure on Z is induced 
by the one-form 9 = Zidz 3 — z 3 dzi — z 2 dz 4 + z^dz 2 , where (z%,...,Z4) are 
homogeneous coordinates on CP 3 . 
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On the other hand, on C 4 \ C 3 , the contact form 9 induces, up to homotheties, 
the well-known metric of constant curvature g = (dxi 2 + • • ■ + dx^ 2 ) . 
Thus (C 4 \ C 3 , g) is the ft-space of C 3 . 

We end this section by illustrating how Remark 12.1( 2) and Example 12.51 can be 
used to construct horizontally conformal submersions with one-dimensional fibres 
on the real Euclidean space. 

Example 2.6 (cf. |2J). With the same notations as in Example 12.51 . let S be 
a complex surface in Z given, in homogeneous coordinates, by Zj = Zj(u,v) , 
j = 1, . . . , 4 . Suppose that the foliation on S given by u = constant is tangent to 
the contact distribution; equivalently, suppose that the following relation holds 

dz3 dz\ dzi dz 2 

z l ~5 z 3 "Tj — z 2 T{ z 4 — — . 

ov ov ov ov 

Then the map x = x(u,v) , into R 4 , given by x = (z\ + Z2])~ 1 (z 3 + z 4 j) is 
(locally) a real analytic diffeomorphism. Thus, under this diffeomorphism, the 
projection (u,v) 1— > u corresponds to a submersion lp (locally defined) on R 4 . We 
claim that ip = ip\{ X4= o} is a horizontally conformal submersion on R 3 . 

Indeed, any horizontally conformal submersion with one- dimensional fibres on 
R 3 determines, by complexification, a complex analytic horizontally conformal 
submersion with one-dimensional fibres on C 3 . Now, any such submersion on 
C 3 (more generally, on any three-dimensional complex conformal manifold) is 
determined by the two foliations by isotropic geodesies which are orthogonal to 
its fibres (see [13] ). In our case, under the correspondence of Remark l2.1( 2) , these 
two foliations are determined by S and its conjugate S, given by Wj = Wj(u,v) , 
j — 1, . . . , 4 , where w l = —z^ , w 2 = z{ , w 3 = —zj , w A = z^. 

Note that, from Theorem 13.21 . below, it will follow that ^{^x)} is a harmonic 
morphism from the four- dimensional real hyperbolic space. 



3. Harmonic morphisms on H-spaces 

In this section all the manifolds and maps are assumed to be complex analytic; 
by a real manifold/map we mean a manifold/map which is the (germ-unique) 
complexification of a real analytic manifold/map. We shall further assume that 
all the even dimensional conformal manifolds are oriented] that is, the bundle of 
conformal frames admits a reduction to the identity component of the group of 
conformal transformations. 

Next, we recall ( [13] , see [TU] ) two examples of twistorial maps. See [UJ and 
[T2] for more information on twistorial maps. 
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Example 3.1. 1) Let tp : (M a ,cm) {N 2 ,cn) be a horizontally conformal 
submersion between conformal manifolds of dimensions four and two. Let J N be 
the positive Hermitian structure on (N 2 ,cn) and let J be the (unique) almost 
Hermitian structure on (M 4 , Cm) with respect to which tp : (M 4 , J M ) — > (N 2 , J ) 
is holomorphic. Then ip is twistorial if J M is integrable. 

2) Let p : (M 4 ,cm) — > {N 3 ,cn,D n ) be a horizontally conformal submersion 
from a four- dimensional conformal manifold to a three-dimensional Weyl space. 
Let "V = kerdp and let M 3 = 7 /± . Also, let D be the Weyl connection of 
(M 4 , cm, - ^ / ) (see [10] ; .D is characterized by the property trace CM (D'^ / ) = ). 

Let D + = D + *,,^r %J where I 3 ^ is the integrability tensor of H (by definition, 
I^\X, Y) = —Y\X, Y] , for any local horizontal vector fields X and Y) and * ^ 
is the Hodge star-operator of (J^, cm\j?) ■ Then is twistorial if the partial 
connections on Jif, over Jtf, induced by <p*(D N ) and D + are equal. 

Any real harmonic morphism with two-dimensional fibres from an oriented four- 
dimensional Einstein manifold (more generally, Einstein- Weyl space) is twistorial, 
possibly with respect to the opposite orientation on its domain [15] (see [10] ); we 
say that the harmonic morphism is positive if it is twistorial with respect to the 
given orientation on its domain and negative otherwise. 

Let (M 3 ,cm) be a three-dimensional conformal manifold and let (H A ,g) be its 
7i-space. We shall use the same notations as in the previous section. 

Theorem 3.2. Any horizontally conformal submersion p> : (M 3 ,cm) —> {Q 2 ,cq) 
can be, locally, extended to a unique twistorial map <p : (iV 4 ,CAr) — > (Q 2 ,cq). 

Moreover, tp\jj : (H 4 ,g) — > (Q 2 ,cq) is a harmonic morphism and any positive 
harmonic morphism with two-dimensional fibres on (if 4 , g) is obtained this way. 

Proof. Let Z be the space of isotropic geodesies of (M 3 , cm) and let C TZ be 
the corresponding contact distribution. 

As (p is horizontally conformal it determines two foliations by horizontal isotropic 
geodesies on (M 3 , cm) ■ From Proposition 12.21 . it follows that p corresponds to a 
pair of disjoint surfaces Si U 5*2 C Z endowed with the one-dimensional foliations 
TSjHJe, {j = 1,2). 

But Z is also the twistor space of (iV 4 , cn) ■ Then Si U S2 and the endowed 
foliations determine a twistorial map <p : (N 4 ,cn) — > (Q 2 ,cq) (see [13] ). Obvi- 
ously, (p\m — <fi and so its uniqueness is a consequence of analyticity. 

Conversely, from [15] (see [32] ), it follows that any positive harmonic mor- 
phism rj : (H A ,g) — ► (Q 2 ,cq) determines a pair of foliations by self-dual sur- 
faces on (iV 4 , cjy) . Then the leaves of these two foliations intersect M 3 to de- 
termine a pair of foliations ('3^) J -_ lj2 by isotropic geodesies on (M 3 ,cm)- Let 
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if : (M 3 ,cm) — ► (Q 2 ,cq) be such that kerdy? = {% © %) ■ Then ip is horizon- 
tally conformal and rj = *f\u- D 

Remark 3.3. 1) If we apply Theorem 13.21 to the particular case when (H 4 ,g) 
has constant curvature then we obtain results of [2] . 

2) With the same notations as above, if D M is an Einstein- Weyl connection on 
(M 3 , cm) with respect to which if : (M 3 , D M ) — > (Q 2 , cq) is a harmonic morphism 
then (p\jj — ipoip where ip : N 4 — > M 3 is the retract [5j of M 3 > N 4 corresponding 
to D M . It follows that iP\h '■ {H 4 ,g) — > (M 3 ,cm, D m ) is a harmonic morphism 

ma- 

Note that, ip and f> of Example 12.61 satisfy the assertions of Theorem l3.2l . Other 
examples can be built on the following construction. 

Example 3.4 ( [3J ). Let (M 3 ,cm, D m ) be a three-dimensional Einstein-Weyl 
space. Let h be a (local) representative of cm and let a be the Lee form of D M 
with respect h. By passing to an open set of M 3 , if necessary, let / be an open 
set of C containing such that t 2 S - 6 ^ , on / x M, where S is the scalar 
curvature of D M with respect to h . 

Let N = I x M and H A = N A \M 3 , where M 3 is embedded in N A through 
M 3 ^h> TV 4 , x t— > (0, x) , (x E M 3 ). Define the Riemannian metric g on H A by 

g = 1 ((1 - i t 2 S)/i + (1 - i t 2 5)- 4 (dt + to + i t 2 * M da) 2 ) . 

Then t 2 g defines an ant i- self- dual conformal structure on iV 4 . Moreover, (if 4 , g) 
is the 7i-space of (M 3 , Cm) and the projection ip : A^ 4 — > M 3 , (t, x) ^ x , 
( (t,x) G iV 4 ), is the retract of M 3 ^->- N A corresponding to D M . 

Note that, if (M 3 ,cm,D m ) is the Euclidean space and h its canonical metric 
then we obtain the 7i-space of Example 12.51 . Furthermore, the resulting retract is 
(the complexification of) a well-known (see, for example, [1] ) harmonic morphism 
of warped-product type. 

By Remark 13.3( 2) and with the same notations as in Example 13.41 . for any 
harmonic morphism ip : (M 3 , Cm, D ) — > (Q 2 , cq) we have that <f = ipoip is as in 
Theorem 13.21 . Such <^'s can be obtained, for example, by using for (M 3 , cm, D m ) 
the R. S. Ward and C. R. LeBrun construction (see [3] and the references therein). 
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